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The problem

Seed lot (40 tons)
Using an appropriate testing 
plan for semi-quantitative
methods, we estimate the %
of GM seeds in the lot to be
equal to 0.4%

From these 0.4% GM seeds, which percentage have
• a single trait?
• two traits?
• three traits?
• …



ISTA Seminar for Specified Trait Testing, 16 June 2008, Bologna, Italy INTERNATIONAL SEED TESTING ASSOCIATION (ISTA)

The problem – Double stack assessmentThe problem
Seed lot: true total
AP proportion = θ

θ0 : conventional seeds
θA : seeds with event A
θB : seeds with event B
θAB : seeds with events A & B

n pools of
m seeds

…

Can we estimate θA, θB and θAB
from this pattern?

Qualitative test for A
and B on each pool

Observed pattern:  n0 negative pools for A and B, nA positive pools for 
A only, nB positive pools for B only, nAB positive pools for both A and B
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Solution

Difficulty: a pool can be positive for A and B either
because there are seeds with A only and seeds with
B only or only seeds with A and B
Example: Pools of 300 seeds

Prob the pool is positive
for A and B = 35.2%
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Solution

θAB
θB
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Solution

Maximum-likelihood estimation:

Find the parameter values                             
that make the observed pattern (nA, nB, nAB)
most likely.

ˆ ˆ, ,B̂ BA Aθθ θ
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Maximum-likelihood estimation: mathematically

Likelihood function for double stack assessment: 
When observing the pattern (n0 , nAB , nA , nB), the likelihood function can be written as: 
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where: 
p0 = p(the pool has only conventional seeds) = 0

mθ  

pA =   p(the pool is positive for A, negative for B) = 0 0

m

A pθ θ⎡ ⎤+ −⎣ ⎦  

pB =   p(the pool is positive for B, negative for A) = 0 0

m

B pθ θ⎡ ⎤+ −⎣ ⎦  

pAB = p(the pool is positive for both A and B) = 1 – p0 – pA – pB 
 
Log-likelihood is: 

( ) ( ) ( ) ( )0 ln 1 ln ln lnA B AB A B AB A A B B AB ABl( , , ) n p p p n p n p n pθ θ θ = − − − + + +  

Finding the parameters θA, θB, θAB  is done by maximizing the above log-likelihood and θ0 is  
found by subtraction. 
Many optimization methods are available in most statistical software to minimize the negative 
of the above log-likelihood (for example, NLP subroutines from SAS IML procedure, optim() 
function in R, nlminb() function in S-PLUS).  

Multinomial
distribution
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Maximum-likelihood estimation: illustration
20 pools of      Observed pattern: 5 negative pools for A and B
150 seeds 8 positive pools for A only

5 positive pools for B only
2 positive pools for both A and B
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Confidence Intervals for the proportions

Use of the property that maximum likelihood 
estimators asymptotically follow normal 
distribution to derive confidence intervals 

In the case of double stack assessment, the approximate variance-covariance matrix V of MLE vector 

)'ˆ,ˆ,ˆ(ˆ
ABBA θθθθ =  is the negative of the inverse of Hessian matrix of l(θ;y) evaluated at the point 
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and standard deviations are squared root of the diagonal elements of V. The (100-α)% confidence intervals 
for θA, θB, θAB are: 

1 /2 1
ˆ( ) (V)A ALB z diagαθ θ −= −   1 /2 1

ˆ( ) (V)A AUB z diagαθ θ −= +   

1 /2 2
ˆ( ) (V)B BLB z diagαθ θ −= −   1 /2 2

ˆ( ) (V)B BUB z diagαθ θ −= +  

1 /2 3
ˆ( ) (V)AB ABLB z diagαθ θ −= −  1 /2 3

ˆ( ) (V)AB ABUB z diagαθ θ −= +  
respectively. 
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Generalization to K-stack assessment

… possible!!!
… 
p(0)

 = p(the pool has only conventional seeds) = 0( )mθ  

1 0 0m( ) ( i ) ( ) ( )
ip pθ θ⎡ ⎤= + −⎣ ⎦   

1 2

(2)
,i ip  = p(the pool is positive for both trait i1 and trait i2, negative for other traits) 

          = 
1 2

1 2 0 0 1
m

( ) ( ) ( ) ( ) ( )
j i ,i jp pθ θ θ⎡ ⎤

+ + − −⎢ ⎥
⎣ ⎦
∑ ∑  where j = i1, i2 

1 2 3

(3)
, ,i i ip  =   p(the pool is positive for trait i1 and trait i2 and trait i3, negative for other traits) 

    = 
1 2 1 2 3 1 2

1 2 3 0 0 1 2
m

( ) ( ) ( ) ( ) ( ) ( ) ( )
j j , j i ,i ,i j j , jp p pθ θ θ θ⎡ ⎤

+ + + − − −⎢ ⎥
⎣ ⎦
∑ ∑ ∑ ∑   

where j = i1, i2, i3, (j1,j2) represents a realization of C(3, 2), where C(3, 2) denotes choosing 2 
integers from the set (i1, i2, i3) of 3 elements, and let j1 < j2.  

… 
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where (j1, j2, j3, …, jf) represents a realization of C(s, f), where C(s, f) denotes choosing f integers 
from the set (i1, i2, …, is) of s elements, and let j1 < j2< … < jf. 

… 
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−
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Log-likelihood for a given pattern when n pools are tested for the presence of K traits : 
Let (n(0) , n(1) , n(2), n(3) , …, n (s), … , n (k)) be the pattern observed for n pools of seeds:  
n(0) negative pools, 
n(1)  positive pools for single traits, a vector of length k 
n(2)  positive pools for two traits, a vector of length Ck,2 
n(3)  positive pools for three traits, a vector of length Ck,3 
… 
n(s) positive pools for s traits, a vector of length Ck,s

 
 

… 
n (k) positive pools for all K traits, a scalar 
n = n(0) + n(1) + n(2)+n(3) , …, n (s), … , n (k) 

( )0 (1) (2) (3) ( )  ( )s kn n n n n n n= + + + +…+ +…+∑ ∑ ∑ ∑  

Log-likelihood for a given pattern when n pools are tested for the presence of traits 1, 2, …, k: 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

1 2 3

0 0 1 1 2 2ln ln ln ln ln

( ) ( ) ( ) ( k )

T T T( ) ( ) ( ) ( ) ( ) ( ) ( s ) ( s ) ( k ) ( k )

l( , , ,..., )

n p n p n p ... n p ... n p

θ θ θ θ

= × + × + × + + × + + ×
 

where ()T denotes a vector transpose.  
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Further theoretical work

Introduction in the formulas of
assay system uncertainty

i.e. false-positive and false-negative rates
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Examples: double stack assessment

• 12 pools of 150 seeds:
Observed pattern:
9 negative pools for A and B
0 positive pools for A only
0 positive pools for B only
3 positive pools for both A and B
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• 12 pools of 150 seeds:
Observed pattern:
2 negative pools for A and B
5 positive pools for A only
3 positive pools for B only
2 positive pools for both A and B
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Examples: double stack assessment

• 10 pools of 150 seeds:
Observed pattern:
7 negative pools for A and B
0 positive pools for A only
1 positive pools for B only
2 positive pools for both A and B
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• 4 pools of 1000 seeds:
Observed pattern:
2 negative pools for A and B
0 positive pools for A only
1 positive pools for B only
1 positive pools for both A and B
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Examples: triple stack assessment

• 12 pools of 150 seeds:
Observed pattern:
3 negative pools for A and B
1 positive pools for A only
1 positive pools for B only
1 positive pools for C only
1 positive pools for both A and B
0 positive pools for both A and C
2 positive pools for both B and C
3 positive pools for both A, B and C
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Examples: triple stack assessment

• 15 pools of 250 seeds:
Observed pattern:
8 negative pools for A and B
0 positive pools for A only
0 positive pools for B only
1 positive pools for C only
0 positive pools for both A and B
0 positive pools for both A and C
1 positive pools for both B and C
5 positive pools for both A, B and C
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Implementation

• R package
(R is a free software environment for statistical computing and
graphics)

• Will be available on ISTA website

• Less than 1 second to get solutions for triple stack
assessment


